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Abstract: Let G be a graph with p vertices and q edges and A = {0,2,4,...,q + 1} if ¢ is odd or
A=1{024,..,q}if g is even. A graph G is said to be an even vertex equitable even labeling if
there exists a vertex labeling f:V(G)— A that induces an edge labeling f* defined by
f*(uv) = f(w) + f(v) for all edges uv such that for all @ and b in 4, |v;(a) — v, (b]| < 1 and

the induced edge labels are 2,4, ...,2q, where v,(a) be the number of vertices v with flv)=a

for a € A. A graph that admits even vertex equitable even labeling is called an even vertex
equitable even graph. In this paper, we prove that square of path, S(P, O K,), S'(B,).T(B,),
graph obtained by duplication of each vertex by an edge in P,, quadrilateral snake, 5(@,),
D(Q,), A(T,) and DA(T,,) are even vertex equitable even graphs.
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1. INTRODUCTION

All graphs considered here are simple, finite, connected and undirected. Let G(V, E) be a graph
with p vertices and g edges. We follow the basic notations and terminologies of graph theory as

in [2]. A graph labeling is an assignment of integers to the vertices or edges or both, subject to
certain conditions and a detailed survey of graph labeling can be found in [1]. The concept of
vertex equitable labeling was introduced by Lourdusamy and Seenivasan [3]. We introduced the
concept of even vertex equitable even labeling in [4].

Definition 1.1: Let G be a graph with p vertices and g edges and 4 = {0,2,4,...,q + 1} if g is
odd or A ={0,2,4,...,q} if g is even. A graph G is said to be an even vertex equitable even
labeling if there exists a vertex labeling f: V(G ) — A that induces an edge labeling f* defined by
f*(uv) = f(u) + f(v) for all edges uw such that for all @ and b in 4, |v;(a) — v, [b]| < 1 and

the induced edge labels are 2,4, ...,2q, where v;(a) be the number of vertices v with f (v)=a

for @ € A. A graph that admits even vertex equitable even labeling is called an even vertex

equitable even graph.

Definition 1.2: For a simple connected graph G the square of graph G is denoted by G-and
defined as the graph with the same vertex set as of G and two vertices are adjacent in G2 if they

are at a distance 1 or 2 apartin .

Definition 1.3: The subdivision of graph 5(G) is obtained from G by subdividing each edge of

& with a vertex.

Definition 1.4: The corona G, (2 G, of two graphs G,(p,.q,) and G,(p,.q,) is defined as the
graph obtained by taking one copy of G; and p, copies of G, and joining the i " vertex of G, with

an edge to every vertex in the i®™™ copy of G,.

Definition 1.5: For a graph G the splitting graph 5(G") of graph G is obtained by adding a new

vertex ¥'corresponding to each vertex v of G such that N(v) = N(v").

Definition 1.6: For every vertex v € V(G), the open neighbourhood set N(v) is the set of all

vertices adjacent to v in G.

Definition 1.7: Duplication of a vertex v, by a new edge € = v, v, in a graph G produces a

new graph G' such that N(v,) N N(v, ) = v,.
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Definition 1.8: The rotal graph T(G)of a graph & is the graph whose vertex set is V{(G) U E(G)

and two vertices are adjacent whenever they are either adjacent or incident in G.

Definition 1.9: A quadrilateral snake @, is obtained from a path 4,1, ..., 1, by joining u;,
u; +1 to new vertices v;, w; respectively and then joining v; and w. That is every edge of the

path is replaced by a cycle Cj.

Definition 1.10: A double quadrilateral snake D(Q,,) consists of two quadrilateral snakes that

have a common path.

Definition 1.11: An alternate triangular snake A(T, ) is obtained from a path tq,u,, ..., 1, by
joining u; and u; + 1 (alternatively) to newvertex v;. That is every alternate edge of a path is

replaced by 5.

Definition 1.12: A double alternate triangular snake DA(T,,) consists of two alternate triangular

snakes that have a common path. That is, a double alternate triangular snake is obtained from a
path u4,u,,...,u, by joining u; and u; + 1 (alternatively) to two new vertices ¥;and w.

2. MAIN RESULTS

Theorem 2.1 The graph B is an even vertex equitable even graph.
Proof: Let u;,us, ..., u, be the vertices of BZ. Then B is of order n and size 2n — 3.
Define f: V(B>) = A = {0,2,4 ..., 2n — 2} as follows:
flu)=2i—-2;1<i<n.
It can be easily verified that the induced edge labels of P are 2,4,6, ...,4n — 6,

Thus,

Ve (a]—t:f[b:]| = 1foralla,b € A.

Hence the graph B is an even vertex equitable even graph.

Theorem 2.2The graph 5(F, () K, ) is an even vertex equitable even graph.
Proof: LetV(P, @ K,) = f{u,v;:1 =i <n}and

E(P,OK,)=fuu,p:1=i=n—1}U{uv;:1<i=<n}
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Let v; be the newly added vertex between u; and v;. Let u; be the newly added vertex between
u; and u;.,. Then S(B, (-} K,) is of order 4n — 1 and size 4n — 2.

Define f: V(S(B, O k,)) = A ={0,24...,4n — 2} as follows:

(40— 2 if ii.sodd.

Fld = 145 — 4 if iiseven n
flvd = ::—_24 L'j"fiiif:vfiei; =t=n
O I AT I
flvy)) =2;

O T IS R

It can be easily verified that the induced edge labels of S(F, (O K, ) are 2,4.6, ... ,8n — 4.

Thus,

ve(a)—v (b)| < 1forall a,b € A.
Hence the graph S(B, (2} K, ) is an even vertex equitable even graph.
Theorem 2.3 The splitting graph 5'(B,) is an even vertex equitable even graph.

Proof: Let u,,u;, ..., u, be the vertices of P, and uy,Us, ..., U, U3, U5, ..., U, be the vertices of
S'(B,)). Then S5'(B,)is of order 2n and size 3(n — 1).

024, ...3(n—1)+1 if 3(n—1) isodd

024, ..3(n—1) if 3(n— 1) is even as follows:

Define f: V(S'(B,)) = A = {

Case (i): nis odd ,7t = 3.
f(u1j=ﬂif(uzj=2:
f(un—ij =3(n—1);

fluy))=3n-1)-2;

3i—1 if iisodd ,
f(“fj_{a.i—z if i{ iseven’o =S 2
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fluy) =0;f(vy) =2;

3i—3 if iisodd
' — . '
f(”fj_{a.i—e if i iseven’> =t5N
Case (ii): 7 is even
3i—3 if iisodd
flug = {3;‘—2 if i iseven’ n
3i—1 if iisodd
I _ .
f(“fj_{ﬁ—az if iiseven’ =n

It can be easily verified that the induced edge labels of S'(B,) are 2,4,6, ...,6(n — 1).

Thus,

ve(a)—v,(b)| < 1forall a,b € A.
Hence the graph 5'(B,) is an even vertex equitable even graph.
Theorem 2.4 The total graph T(F, ) is an even vertex equitable even graph.

Proof: Let ity,u,,...,u, be the vertices of B,. Let V(T(B,)) = {tty, 1y, o, Uy, U, UG, ooy Uy L.
Then T(P,)is of order 2 — 1 and size 4n — 5.

Define f: V(T(B,)) =4 = {024, ..,4n — 4} as follows:
fluy)=0;
flu)=4i-6;2<i=n
flu=4i;1=i<n-1
It can be easily verified that the induced edge labels of T(F,) are 2,4,6, ...,8n — 10.

Thus,

Ve (fl]—?.?f(b]| < 1foralla,b € A.
Hence the graph T(F,) is an even vertex equitable even graph.

Theorem 2.5 The graph obtained by duplication of each vertex by an edge in E, is an even

vertex equitable even graph.
Proof: Letu4,1,,...,u, be the vertices of the path F,, and G be the graph obtained by

duplication of each vertex u; of the path P, by an edge u;u; for 1 < i < n at a time.
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Let V(G) = {u,u;,u; :1=i=n} and
E(6)={uu,uu vu:1<i=n}U{uu., :1=<i<n—1).ThenG is of order 3n and

L

size 4n — 1. Define f:V(G) = A = {0,2,4, ... 4n} as follows:

( j_{au'—az if iisodd
Flud =y if i iseven’ =T
flul)=4i—-2;1=i<mn
4  if iisodd
e _ . r
f(“fj_{d,i—a: if { iseven’ 1 =EST

It can be easily verified that the induced edge labels of G are 2,4.6, ... ,8n — 2.

Thus,

v (fl]—?.?f(b:” = 1forall a,b € A

Hence the graph obtained by duplication of each vertex by an edge in B, is an even vertex

equitable even graph.

Theorem 2.6 The quadrilateral snake @,, is an even vertex equitable even graph.

Proof: The quadrilateral snake is obtained from a path u,,u,,...,u,. By joining u;,u;,, to the
new vertices v;, w; represented and joining v; and w; for 1 =i <n — 1. Then @, is of order

3n — 2 and size 4n — 4.

Define f:V(Q,) = A = {0,24, ... 4n — 4] as follows:
flu)=4i—-4;1<i<n
flv)=4i-2;1=i=n—1
flw)=4i;1<i<n-1

It can be easily verified that the induced edge labels of @, are 2,4,6, ...,8n — 8.

Thus,

Vs (ﬂ]—i’f(b]| < 1foralla,b € A
Hence the graph @,, is an even vertex equitable even graph.

Theorem 2.7The subdivision of quadrilateral snake 5(@, ) is an even vertex equitable even

graph.
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Proof: Let F, be a path w414, ..., U,.

Let V(5(Q,)) ={v,w,x,v,z,u;: 1 <i<n—1}U{u,:1 <i < n}and

E(S(an) = {wul, wit, g, U, W Ve VX, WV, v:2,,2,w; 2 1 < i < n— 1}.Then

5(Q,,) is of order 7n — 6 and size 8n — 8.

Define f: V(5(@,)) = A = {0,2,4, ....8n — 8} as follows:
flug)=4;
flu,,)=8i;1<i<n-—-1
fluy)=8;
flu)=8i—-2;2=i=n—1
flv)=8i-6;1=i=n—-1
flzy) =2;
flz)=8i—-2;2=i=n-1
flw) =0;
flw)=8i—4;2<i=n—1
flx)=6;
flx,)=8i—-6;2<i<n-1
fly) =6;
fy)=8i;2<i<n-1

It can be easily verified that the induced edge labels of 5(@,,) are 2,4,6, ...,16n — 16.

Thus,

v (fl]—?.?f(b]| < 1foralla,b € A.
Hence the graph 5(@Q,,) is an even vertex equitable even graph.
Theorem 2.8 The double quadrilateral snake @,, is an even vertex equitable even graph.

Proof: The quadrilateral snake is obtained from a path 4,15, ..., u,,.
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LetV(D(@,)) ={u,:1=i<n}U{v,w,v,w:1=i<n-—1}and

E(D(Q,) ={uuy: 1 =120 — 13U {Ug g ¥ Ug g U Ug WLV WLV W MW s 1 S0 S
n—1}

. Then @, is of order 5n — 4 and size 7n — 7.

{D,E&,...,?n—ﬁ if Tn—7isodd

Define f:V(DQu) 2 A=1024  7n—7 if Tn—7 is even ° fOLlOWS:

7i—7 if iisodd

flu) = Ji—6 if iiseven’ b=

O U A
o[ s
FED= {723 i (s even 1SS
ftw{j_{;; 1L;fzi;e{:ﬂdei lsisn—1

It can be easily verified that the induced edge labels of D@,, are 2,4,6, ...,14n — 14,

Thus,

< 1forall a, b € A.

Hence the graph D@, is an even vertex equitable even graph.

Theorem 2.9 An alternate triangular snake A(T, ) is an even vertex equitable even graph.
Proof: Let uq,1,,...,u, be the vertices of path F,. The graph A(T, ) is obtained by joining the

vertices u;,1;.4 (alternately) to new vertex v;, 1 <i<n—1forevennand 1 <i=<n— 2 for
odd n.

Let VIA(T)) ={u; s 1 <i<mufvs1<i< |2} and

E(A(T))={uuq:1<i=n—1}U {uﬁ_lvi: 1<i=< FJ} v {uzivi :1l=i=< EJ} Then

-
r

in—1

_ 2
|V[:A(Tnjj| - In
> if niseven

if nisodd
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2n—2 if nisodd
2n—1 if niseven

EAT)| =]

0,2,4,...2n if 2n— 1isodd

Define f: V(A(T,)) = A = {g,gfh w2n—2 if 2n— 2iseven

as follows:

f[ugi_1j=4i—4; 15;‘5’;-‘
fluy) =4i; 1£L’£EJ
f(ﬂe]=4i—z;1£i£EJ

It can be easily verified that the induced edge labels of A(T,) are 2,4,6, ...,4n — 2 if n is even
and 2,4,6, ... ,.4n — 4 if n is odd.

Thus,

v (fl]—?.?f(b:” < 1foralla,b € A.
Hence the graph A(T,,) is an even vertex equitable even graph.

Theorem 2.10 The double alternate triangular snake DA(T, ) is an even vertex equitable even
graph.
Proof: Letuy,us,...,u, be the vertices of path F,.

Let V(DA(T,) = {u; s 1= i < n} U {wpwe1 <i < |2} and
E(DA(T,))=f{uu 1 =i=n—1}U {325—1“#“2:‘—1‘”5 R {T—J}U {uzivi,uziwi 1=
i< [3]]
. Then
2n—1 if nisodd
IV (DA(T DI = {21“1 if niseven
In—3 if nisodd
[E(DA(T,))I = {31“1 —1 if niseven
Defi v (DA(T j_}ﬂ_{ﬂ,z,dl-,...ﬁﬂ if 3n—1lisodd foll )
efine f: () T 10,24,...3n—3 if 3n—3 is even 5 10NOWS:
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i—3 if iisodd

3
flud= {Ei if i iseven’
flv)=6i—4;1<i< EJ

flw)=6i—2;1<i< EJ

It can be easily verified that the induced edge labels of DA(T, ) are 2,4,6, ...,.6n — 2 if n is even
and 2,4,6, ...,6n — 6 if n is odd.

Thus, |v; (a:]—z::f[b]| < 1foralla, b € A.

Hence the graph DA(T, ) is an even vertex equitable even graph.
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